We present all isotropy groups and associated Σ groups, up to discrete identifications of the component connected to the identity, of spinors of eleven-dimensional and type II supergravities. The Σ groups are products of a Spin group and an R-symmetry group of a suitable lower dimensional supergravity theory. Using the case of SU (4)-invariant spinors as a paradigm, we demonstrate that the Σ groups, and so the R-symmetry groups of lower-dimensional supergravity theories arising from compactifications, have disconnected components. These lead to discrete symmetry groups reminiscent of R-parity. We examine the role of disconnected components of the Σ groups in the choice of Killing spinor representatives and in the context of compactifications.
Introduction
Supersymmetric supergravity backgrounds can be categorized into two classes. One class are those backgrounds for which the Killing spinors are invariant under some proper Lie subgroup of the gauge group of the associated theory, and another class are those backgrounds for which the isotropy group of the Killing spinors is the identity. Most of the known supergravity backgrounds belong to the former class, like the vacua of string compactifications with or without fluxes, for a recent review see [1] , and those backgrounds that have applications in gauge theory/duality correspondences, see e.g. [2, 3, 4, 5] . A notable exception are the maximally and the near maximally supersymmetric backgrounds of ten-and eleven-dimensional supergravities which belong to the latter class and have been classified in [6] and [7, 8, 9] , respectively.
The main aim of this paper is to initiate the classification of all supersymmetric eleven-dimensional and type II backgrounds for which the Killing spinors are invariant under some proper Lie subgroup H of the gauge group. Some partial results are already known. In eleven-dimensional supergravity, these include the N = 1 backgrounds with SU(5)-and Spin(7) ⋉ R 9 -invariant Killing spinors [10] ; the N = 2 backgrounds with SU(5)-and some N = 2 and N = 4 backgrounds with SU(4)-invariant Killing spinors [11, 12] ; N = 2 backgrounds with Spin(7)-and G 2 ⋉ R 9 -, and N = 4 backgrounds with G 2 -and SU(4)-invariant Killing spinors, and special cases of backgrounds with stability subgroups embeddable in Spin(7) ⋉ R 9 [13] . In IIB supergravity, the Killing spinor equations have been solved for N = 1 backgrounds in [14] and all backgrounds with maximal number of H-invariant spinors have been classified in [15] . The method that we shall use to solve this problem is based on spinorial geometry [11] facilitated by the application of the Σ(P) groups defined in [16] . The Σ(P) groups are the subgroups of the gauge group of the supergravity theories that leave the plane P spanned by some spinors invariant. The importance of the Σ(P) groups has been demonstrated in the classification of all supersymmetric backgrounds of heterotic supergravity [16] . In particular, the Σ(P) groups have been used to find the solutions of the gaugino and dilatino Killing spinor equations given a solution of the gravitino Killing spinor equation.
To find the geometry of all eleven-dimensional backgrounds that admit H-invariant Killing spinors, we shall first identify all the subgroups H ⊂ Spin(10, 1) that leave some spinors invariant. These subgroups will be given up to discrete identifications of the connected to the identity component and so they will be derived from a Lie algebra computation. Partial lists of such groups have appeared elsewhere [17, 11, 18] . Here we shall give the complete set relevant for eleven-dimensional supergravity which is tabulated in table 1. In addition, in tables 2 and 3, we give explicitly the representatives of all the H-invariant spinors for all isotropy groups.
Given P H , the plane spanned by all H-invariant spinors of eleven-dimensional supergravity, N H = dim P H , we compute the Σ(P H ) group for every H. These are again determined up to discrete identifications of the connected to the identity component and the computation is Lie algebraic. The list of all Σ(P H ) groups is presented in table 5 . We find that all the Σ(P H ) groups are products Spin × R, where Spin and R can be identified with the Spin and R-symmetry groups of a lower-dimensional supergravity theory.
Using the case of eleven-dimensional backgrounds with SU(4)-invariant spinors as a paradigm, we demonstrate that the Σ(P H ) groups have disconnected components which are subgroups of the connected component Spin 0 (10, 1) of Spin(10, 1). In a compactification senario on a manifold with an H-structure and with or without fluxes, this implies that the R-symmetry group of the associated lower-dimensional supergravity theory is disconnected. In the SU(4) case, representatives of the disconnected components act as a discrete symmetry via reflections on some components of the frame of the compact internal space. This action leaves the metric invariant but changes the fluxes, the fermions and the (almost) complex structure I of the internal space to −I. Such discrete transformations are reminiscent 1 of R-parity transformations imposed to suppress the rate of decay of the proton in supersymmetric theories, for a review see [20] . Since these discrete symmetries are remnants of the restricted Lorentz transformations of an eleven-dimensional theory, it is natural to argue that they must be symmetries of the lower-dimensional effective supergravity theories imposing restrictions on the couplings.
Furthermore, we explain how the Σ(P H ) can be used in eleven-dimensional supergravity to find the normal forms of H-invariant Killing spinors for backgrounds with N < N H number of supersymmetries. In particular, we shall demonstrate for H = SU(4) that the group Σ(P SU (4) ) can be used to find the Killing spinors for all backgrounds with N < N H = 4. It will become apparent that the disconnected components of Σ(P SU (4) ) can also be used to reduce the number of choices of Killing spinors.
The isotropy groups H and the associated Σ(P H ) groups of IIA and IIB supergravities have been tabulated in tables 4 and 6, respectively. These groups for IIB supergravity can easily be read off from those of heterotic supergravity, see also [15] . For IIA supergravity, the isotropy groups H and the associated Σ(P H ) groups have a close relationship to those of eleven-dimensional supergravity. However, there are isotropy and Σ(P H ) groups of the latter that do not have a IIA analogue. This paper is organized as follows: In section two, we give the isotropy groups and representatives of the invariant spinors of eleven-dimensional and type II supergravities. In section three, we give the Σ groups of eleven-dimensional and type II supergravity. In section four, we use the Σ(P SU (4) ) to give the normal forms of SU(4)-invariant Killing spinors, and emphasize the importance of the disconnected components of the group, and in section five we give our conclusions. In the appendices A and B, we give details of the computation of the isotropy and Σ groups, respectively.
Isotropy groups and invariant spinors 2.1 Isotropy groups
The gravitino and supersymmetry parameter of eleven-dimensional supergravity are Majorana Spin(10, 1) spinors. To find the isotropy groups 2 of these spinors, one begins with the results of [21, 17] which demonstrate that there are two kinds of orbits of Spin(10, 1) 
..j 5 ) for k = 0, 1, 2 and j 1 , . . . , j k = 1, . . . 5, respectively [11] .
the description of spinors in terms of forms. There are two ways to describe the Majorana spinors, in terms of forms, associated with the construction of Clif(R 10,1 ) from either Clif(R 10 ) or Clif(R 9,1 ). These two constructions lead to different bases in Clif(R 10,1 ), the "time-like" and "null" bases, respectively. These bases have been constructed in [11, 22, 12] , where one can also find the spinor conventions used in this paper. The 'time-like" and "null" bases are suited to investigate backgrounds with H ⊆ SU(5)-and H ⊆ Spin(7) ⋉ R 9 -invariant spinors, respectively. There are also several cases which can be investigated using both kinds of bases. For future use, we shall give the invariant spinors in both bases.
First, we consider the invariant spinors of H ⊆ SU(5) isotropy groups in the time-like basis [11, 12] . The results of the detailed analysis in appendix A are presented in table 2.
Null basis
The invariant spinors of H ⊆ Spin(7) ⋉ R 9 isotropy groups in the null basis [12] are summarized in table 3. A detailed derivation of these singlets can be found in appendix A.2.
A consequence of the results summarized in tables 2 and 3 is that there are restrictions on the number of singlets that can occur. In particular, the isotropy group of more than 16 linearly independent spinors is the identity. In addition, there are no cases with N H = 7, 11, 13, 14 and 15. Furthermore, for every non-compact isotropy group there is an associated compact one with twice the number of invariant Killing spinors. 
If two singlets are the real and imaginary parts of a complex (Dirac) spinor, then they have been given in terms of the complex spinor. In particular, the real and imaginary parts of the the complex spinor e i 1 ...i k are e i 1 ..
Comparison with the isotropy groups of IIB and IIA supergravities
The relevant spinor representation of IIB supergravity is the complex chiral (Weyl) representation c ∆ + 16 of Spin c (9, 1). This is constructed from the associated MajoranaWeyl representation, ∆ + 16 , associated with the heterotic string, by a straightforward complexification, c ∆
. As a result the isotropy groups for spinors of IIB supergravity in Spin c (9, 1) are precisely those found for the heterotic string. The associated invariant spinors are the complexification of those of heterotic supergravity. One consequence of this is that in IIB supergravity there are always an even number of invariant spinors. For example in heterotic supergravity the spinor 1 + e 1234 is Spin(7) ⋉ R 8 invariant. The associated invariant spinors of IIB supergravity are 1 + e 1234 and i(1 + e 1234 ).
The relevant spinor representation of IIA supergravity is the Majorana representation, ∆ 32 , of Spin(9, 1). This should be thought of as the direct sum of the positive and negative chirality Majorana-Weyl representations of Spin(9, 1),
Since a single spinor in a Majorana-Weyl representation of Spin(9, 1) has isotropy group Spin(7) ⋉ R 8 , it is clear that all the isotropy groups of spinors of IIA supergravity must be subgroups of Spin(7)⋉R 8 . It is then straightforward to show that the isotropy groups are closely related to those of table 3 for eleven-dimensional supergravity. If the isotropy group in table 3 is of the type K ⋉ R 9 , then the associated isotropy group in IIA supergravity is K ⋉ R 8 . The additional generator is along the additional 11th direction. Moreover the invariant spinors are precisely as those given in table 3 now interpreted as Spin(9, 1) spinors. This follows from the well-known fact that the Majorana representation of Spin(10, 1) decomposes under Spin(9, 1) as the sum of a positive and negative chirality Majorana-Weyl representation. The isotropy groups, up to discrete identifications of the connected to the identity component, of IIA and IIB supergravity spinors as well as the singlets in the null basis [22] are summarized in table 4.
It is clear that all the isotropy groups of IIB and IIA supergravities appear as subgroups of the isotropy groups of spinors of eleven-dimensional supergravity but the converse is not true. In particular, there are isotropy groups of eleven-dimensional supergravity that do not have a type II analogue. These are the SU(5) and SU(2)×SU(3) isotropy groups. Clearly, supersymmetric backgrounds with such invariant Killing spinors have a purely eleven-dimensional origin.
3 The Σ(P H ) groups
Eleven-dimensional supergravity
For generic backgrounds the holonomy of the supercovariant connection of eleven-dimensional supergravity is SL(32, R) [23, 24, 25] . A consequence of this, in the context of backgrounds with H-invariant Killing spinors, is that in most cases one expects that there are solutions with any number N of supersymmetries for N ≤ N H , where N H = dim Σ(P H ). Although this is the expectation, there are also exceptions [7, 8] , and a conjecture for the fractions that can occur can be found in [26] .
Assuming that the Killing spinors ǫ of a supersymmetric background are H-invariant, N ≤ N H , these can be written as a linear combination of a basis (η i ), i = 1, . . . , N H , in tables 2 or 3, i.e.
where f i are spacetime functions. To solve the Killing spinor equation, it is convenient to bring the Killing spinors ǫ to a normal form. To do this, one may consider the subgroup of Spin(10, 1) which leaves the plane P H of all H-invariant spinors invariant. This is clearly the remaining gauge group of the theory. Since the isotropy group H acts on P H with the identity transformation, it is clear that we should consider those transformations of Spin(10, 1) which leave P H invariant up to transformations generated by H. This is precisely the Σ(P H ) group for the subspace P H using the definition of [16] .
The computation of the Σ(P H ) groups for each H can be done as in heterotic supergravity (type I) [16] . The details can be found in the appendices. The results are given in table 5.
It is clear from the results of table 5 that the Σ groups are a product, Spin × R, where Spin and R are the Spin group and the R-symmetry group of a lower-dimensional supergravity theory. This allows us to view the associated eleven-dimensional supersymmetric backgrounds as being in the same universality class as those lifted from the lowerdimensional supergravity theories constructed from compactification on a holonomy H manifold. However, this does not imply that the associated backgrounds have a lower dimensional origin. In two cases, those with isotropy groups SU(5) and SU(2) × SU(3), the associated Spin group is the identity. This is because such eleven-dimensional backgrounds are in the same universality class as those associated with compactifications of eleven-dimensional supergravity on holonomy SU(5) and SU(2) × SU(3) manifolds to one dimension, and the Spin group in one dimension, up to a discrete identification, is the identity. It is also important to notice that the Σ(P H ) groups do not capture the full expected R-symmetry groups of the associated lower dimensional supergravity theories. For example consider the N H = 8, H = SU(3) case in table 5. The associated lower dimensional theory is a 5-dimensional supergravity with 8 real supersymmetries and the total Spin and R-symmetry group is expected to be Spin(4, 1) × SU(2). However Σ(P H ) = Spin(4, 1)×U(1) ⊂ Spin(4, 1)×SU(2). This is because, unlike the R-symmetry groups of lower-dimensional supergravities in general, the R-symmetry subgroups that appear in Σ(P H ) are required to be subgroups of Spin(10, 1). As a result, in some cases the the R-symmetry group contained in Σ(P H ) is only a subgroup of the R-symmetry group of the lower-dimensional supergravity theory.
IIA and IIB supergravities
For completeness, we also give the Σ groups of the invariant spinors of type II supergravities. The Σ groups of type IIB supergravity can easily be derived from those of type I supergravity. One difference is that there is an additional U(1) generator because of the Spin c nature of IIB spinors. The Σ groups of IIA supergravity can easily be derived from those of eleven-dimensional supergravity. In particular, one simply excludes all the generators associated with the eleventh direction. The results are tabulated in table 6.
Spin(9, 1) (32) Spin c (9, 1) (32) 
Disconnected components of Σ groups
The Lie algebra computation that we have done, which is summarized in the appendices, identifies the component of each Σ group that is connected to the identity. However, the Σ groups may have disconnected components. Since these disconnected components of the Σ groups were not essential for the solution of Killing spinor equations of heterotic supergravity, they were not stressed in that computation. This is no longer the case for type II and eleven-dimensional supergravities.
Discrete subgroups
We shall not attempt to compute the disconnected components of all Σ groups. Instead we shall focus on the case of SU(4) invariant spinors. Before we proceed with this, let us establish some notation. It is known that field theories with chiral couplings may violate parity invariance. So the minimal requirement imposed on a relativistic theory is that it should be covariant under restricted Lorentz transformations, i.e. the transformations of the connected component of the Lorentz group. These transformations can also be characterized as proper and orthochronous, i.e. those that preserve both the orientation of spacetime and the direction of time. The spin group associated to the restricted Lorentz transformations is the connected component Spin 0 of Spin; Spin is the double cover of the proper Lorentz transformations.
Suppose that we consider those Σ groups that are constructed from Spin 0 (n, 1) transformations. It is expected that in such a case Σ = Spin
) is connected, we shall see that R can be disconnected. For this let us consider the case of eleven-dimensional supergravity backgrounds with SU(4)-invariant spinors. In this case, the connected component Σ 0 of the Σ group, up to discrete identifications that preserve component connected to the identity, is Σ 0 (P SU (4) ) = Spin 0 (2, 1) × U(1), see appendix B. These are not the only transformations of Spin 0 (10, 1) that preserve P SU (4) . It is easy to see that the discrete Spin 0 (10, 1) transformations
also leave P SU (4) invariant and are not in Spin 0 (2, 1) × U(1).
Killing spinors
To illustrate the importance of the additional transformations in Σ(P SU (4) ), let us investigate the orbits of Spin 0 (2, 1) × U(1) on P SU (4) . It turns out that there are three types of orbits with representatives 1 + e 12345 , e 5 + e 1234 , 1 + e 12345 + e 5 + e 1234 .
(4.
2)
The first two represent orbits with compact isotropy groups and the last represents an orbit with a non-compact isotropy group. This means that there are three cases that should be investigated for backgrounds with N = 1 supersymmetry. This appears to be a contradiction because it is known that there are only two types of orbits of Spin 0 (10, 1) on the space of Majorana spinors with isotropy groups SU(5) and Spin(7) ⋉ R 9 [21, 17] . Of course this may imply that the transformation of Spin 0 (10, 1) which relates the first two orbits does not preserve P SU (4) . However, this is not the case. Observe that the first element in (4.1) transforms the representative of the first orbit to the second. This in turn gives only two distinct cases with N = 1 supersymmetry. This may not seem to be advantageous since for selecting the first Killing spinor the whole Spin 0 (10, 1) could be used. However, it has an effect when investigating cases with N = 3 supersymmetry where only the Σ(P SU (4) ) group can be used. So there are two cases with N = 3 supersymmetry and SU(4)-invariant spinors that should be investigated instead of the three which arise from considering only the connected component of the P SU (4) group.
Of course, the representatives 1 + e 12345 and e 5 + e 1234 of the orbits can also be related by the Γ 0♮ , ♮ = 10, transformation written in the timelike basis, which is in Spin(2, 1) . However Γ 0♮ is not in either Spin 0 (10, 1) or in Spin 0 (2, 1) because it induces non-orthochronous Lorentz transformations. So if the eleven-dimensional theory is only assumed to be invariant under restricted Lorentz transformations, then the only way to relate the two compact orbits is with a discrete R transformation in (4.1). The analysis presented above can easily be be modified if one begins with Spin(10, 1) rather than Spin 0 (10, 1).
Compactifications
To investigate the role of the discrete transformations in the context of compactifications, consider an R 2,1 × X compactification with four SU(4)-invariant Killing spinors, where X is an SU(4)-structure manifold. Again we assume that the eleven-dimensional theory we compactify has local Spin 0 (10, 1) invariance. The vacuum configuration breaks this to the Σ(P SU (4) ) = Spin 0 (2, 1) × R group. To separate the Spin 0 (2, 1) transformations from those of R, it suffices to see how they act on the frame of R 2,1 × X. The frame of the internal space X is (e a , e 5+a ), a = 1, 2, 3, 4, and the remaining three directions are those of R 2,1 . It is easy to see that Spin 0 (2, 1) acts with restricted Lorentz transformations on the frame of R 2,1 and leaves invariant the frame of the internal space, while the R transformations leave the frame of leaving the rest of the frame directions invariant. It is straightforward to compute the action of the rest of the elements in (4.1). Such transformations leave the metric of the internal space invariant but act on the fluxes. Moreover they act on the spinors of the theory and change the (almost) complex structure I of the internal space to −I. The action on the fluxes can be identified by observing that Γ 1234 changes the (p, q) tensors, with respect to I, to (q, p) ones. The action on the fermions is straightforward since Γ 1234 is an element of the Spin 0 (10, 1) group. Since from the perspective of the lower-dimensional theory (4.3) is a remnant of the restricted Lorentz group in eleven dimensions, it is natural to argue that it must remain a symmetry after compactification. It is clear that such an assertion will put restrictions on the couplings of the lowerdimensional effective theory.
The action of Γ 1234 on the fluxes and spinors is a Z 2 action. As such it resembles an R-parity transformation [20] . Though in our case the Σ group has many disconnected components, so the representatives (4.1) form a larger group of reflections.
Concluding Remarks
We have given the isotropy groups of spinors of eleven-dimensional and type II supergravities as well as representatives of the singlets. Using these, we have computed the Σ(P H ) group of P H , where P H is the plane spanned by all H-invariant spinors. These are the subgroups of the gauge groups of ten-and eleven-dimensional supergravities which preserve P H . We have found that the Σ(P H ) groups are of the type Spin × R, i.e. they are the product of a Spin group and an R-symmetry group of a lower-dimensional supergravity. In some cases though the R-symmetry group contained in Σ(P H ) is a subgroup of the R-symmetry group of the associated lower-dimensional supergravity. This is because not all R-symmetry groups of lower-dimensional supergravities are subgroups of either Spin(9, 1) or Spin(10, 1).
The solution of the Killing spinor equations of backgrounds with H-invariant spinors can proceed as described in [11] and [7] . In particular, if N is small, then Σ(P H ) can be used to find simplified canonical forms for the Killing spinors. On the other hand, if N is near N H , then Σ(P H ) can be used to find the canonical form of the normals to the Killing spinors in P H or its dual. In addition, we have emphasized the role of the disconnected components of the Σ(P H ) groups in choosing representatives for the Killing spinors. It is expected that in this way one can solve the Killing spinor equations of eleven-dimensional and type II supergravities for all H-invariant Killing spinors.
As we have mentioned the disconnected components of the Σ(P H ) groups in the context of compactifications should lead to discrete symmetries in the lower-dimensional supergravity effective theories. These are reminiscent of R-parity type of transformations, see e.g. [20] . In the SU(4) case that we have investigated in some detail, the discrete group has several generators which act like reflections on the frame, on the fluxes and on the fermions of the theory. In a consistently constructed effective theory for a compactification, the invariance under such discrete R-symmetries may be manifest. This is because they are remnants of the Lorentz symmetry in higher dimensions. Nevertheless in the absence of a constructive method for specifying an effective theory, they may provide additional symmetry information which may lead to the suppression of some couplings. To find all the singlets and isotropy groups, we shall do the computations in several steps.
Step 1: An additional singlet can be either in the 5 or in 10 representations. If it is in the 5 representation the isotropy group is SU(4). Moreover under SU(4) one has that
The additional SU (4) On the other hand if the additional singlet is in 10, there are three possibilities because there are three kinds of orbits [11] . One is the generic orbit with isotropy group SU (2) 2 , and two special orbits with stability subgroups Sp(2) and SU(2) ×SU(3), respectively. Under SU (2) 2 , we have the decomposition
The additional singlets to those of (A. Considering the isotropy group SU(2) × SU(3), the decomposition reads
The additional singlets to those of (A. Now if the additional singlet is in the 6 representation, there are different isotropy groups that can occur depending on the choice of orbit. These are two different orbits with isotropy groups SU(2) 2 and Sp (2), respectively. The decomposition according the former is as in (A.5) while for the latter is as in (A.7).
Step 2-2: The additional singlet in (A.5) can be either in the (2, 2) or the 2 ⊗ 2 representations. In the former case the isotropy group is SU(2) and the decomposition is
This is the standard SU(2) case which preserves 16 supersymmetries. The additional singlets to those of (A.2) and (A. If on the other hand the singlet is in 2 ⊗ 2, there are two orbits to consider one with isotropy group SU(2) and the other with isotropy group U(1). In the SU(2) case the decomposition is
The additional singlets to those of (A.2) and (A.6) are Step 2-3: Next consider the Sp(2) case. The additional singlets can be either in the 5 representation or in the 8 representation. In the former case, it reduces to the SU(2)
Step 2-4: The additional singlets can either be in the (2, 3) or in the 2 ⊗ 3 representations. The former case reduces to either (A.11) or (A.5) cases. In the latter case, it reduces to the (A.5) case and its descendants 3 .
Step 3-1: Consider first the SU(3) case. The additional singlet can be in 3. In this case it reduces to the SU(2) case and the singlets are given in (A.2), (A.4), (A.12) and (A.14)
Step 3-2: If there is an additional singlet in the decomposition (A.13), then the stability subgroup is {1}, i.e. all spinors are singlets.
Step 3-3: Additional singlets in the decomposition (A.15) can either be in the 2 or in 3 representations. If the singlet is in 2, then the isotropy group is {1} and all spinors are invariant. If the singlet is in 3, the isotropy group is U(1) and it reduces to the (A.17) case above.
The existence of any additional singlets in the decompositions described above have isotropy group {1}. As a results, all spinors will be invariant. The results have been summarized in the table 2.
B.1.7 SU(2), N H = 10
In this case we get Σ(P) = Spin(2, 1) × Sp(2), where spin(2, 1) is generated by the real span of Γ 05 , Γ 05 and iΓ 55 , and Sp(2) acts on P H with the five-dimensional vector representation, Sp(2) = Spin(5). This can be verified by a direct computation.
B.1.8 U(1), N H = 12
Here we get Σ(P) = Spin(2, 1) × SU(4), where spin(2, 1) is generated by the real span of Γ 05 , Γ 05 and iΓ 55 , and SU(4) acts on P with the real six-dimensional vector representation, SU(4) = Spin(6). This works exactly as in the corresponding Type I case [16] and can easily be seen from previous results by a direct computation.
B.1.9 SU(2), N H = 16
For this case we find Σ(P) = Spin(6, 1)×SU (2) , where spin(6, 1) is generated by the real span of Γ ij , with i, j = 0, 3,3, 4,4, 5,5, and SU (2) is generated by Γ 12 + Γ12, i(Γ 12 − Γ12), i(Γ 11 + Γ 22 ).
B.2 The Spin(7) ⋉ R 9 series
The generators of the Σ groups for this series are given in the null basis. For this case Σ(P) = Spin(1, 1) × SU(2), where spin(1, 1) is generated by Γ +− and su (2 
